We propose practical and efficient protocols for verifying bipartite pure states for any finite dimension, which can also be applied to fidelity estimation. Our protocols are based on adaptive local projective measurements with either one-way or two-way communications, which are very easy to implement in practice. They are much more efficient than known protocols based on tomography or direct fidelity estimation, and their efficiencies are comparable to the best nonlocal collective strategies. These protocols highlight the significance of mutually unbiased bases (MUB) and complex projective 2-designs in quantum state verification and fidelity estimation. Moreover, our protocols can be applied to the adversarial scenario, in which states are controlled by a malicious adversary. In this case, surprisingly, one of our protocols based on local measurements is even optimal among protocols based on nonlocal measurements.
Introduction. Bipartite and multipartite entangled states play a central role in quantum information processing, such as quantum teleportation, dense coding, and quantum communications. They are also a focus of foundational studies on quantum entanglement and nonlocal correlations [1] . For real-world applications, it is crucial to verify these states, especially pure states, with high precision, given the imperfections in the preparation devices. However, traditional approaches based on tomography are resource consuming and highly inefficient [2] . Even with direct fidelity estimation [3] , the scaling of the number of measurements with the infidelity is suboptimal. So far efficient verification protocols are known only for restricted families of states, such as stabilizer states [4] and hypergraph states [5] . Even for bipartite pure states, efficient protocols are known only for maximally entangled states [6] [7] [8] [9] and two-qubit states [4] . This fact is both surprising and frustrating given the significance and simplicity of bipartite pure states.
In this paper we propose several simple and efficient protocols for verifying bipartite pure states, which can also be applied for fidelity estimation. To implement these protocols, it suffices to perform local projective measurements with either one-way or two-way classical communication (CC) [10] . The measurement of one party may depend on the measurement outcome of the other party. The efficiency of these protocols can be guaranteed if measurement bases of the first party are mutually unbiased [11] [12] [13] or if they form a (complex projective) 2-design [14] [15] [16] . Our protocols are much more efficient than traditional approaches based on tomography and also more efficient than direct fidelity estimation [3] . In addition, the number of tests required to attain a given precision can achieve the same scaling behavior as the best nonlocal protocol, and the overhead is at most two times even if one party can access only two measurement settings.
Our approach can also be applied to the adversarial scenario, in which the states are prepared by Eve. Moreover, we can construct a protocol based on local measurements that is optimal for high-precision verification even among protocols based on nonlocal measurements. As far as we know, this is the first protocol that can be applied to the adversarial scenario and achieves the optimal scaling behavior in the number of tests. This result is of key interest not only to practical applications, but also to foundational studies on the role of entanglement.
Pure state verification. In preparation for the following discussions, we first briefly review the general framework of pure state verification [4, 5] . Consider a device that is supposed to produce the target state |Ψ Ψ|, but actually produces states σ 1 , σ 2 , . . . , σ N in N runs. Here we assume either σ i = |Ψ Ψ| for all i or Ψ|σ i |Ψ ≤ 1−ε for all i. To distinguish the two situations, we can perform two-outcome projective measurements on σ i . Each time we choose a measurement {P l , 1 1 − P l } with probability p l from a set of accessible measurements, where the projector P l corresponds to passing the test. To guarantee that the target state can always pass the test, the projector P l needs to satisfy the condition Ψ|P l |Ψ = 1.
The efficiency of the above procedure is determined by the verification operator (also known as the strategy)
Suppose Ψ| σ |Ψ ≤ 1 − ε, then the maximal probability that σ can pass each test on average reads [4, 5] max
where β(Ω) is the second largest eigenvalue of Ω, and ν(Ω) = 1 − β(Ω) is the spectral gap from the maximal eigenvalue. So the probability of passing N tests is at most [1 − ν(Ω)ε] N . In order to achieve significance level δ, which means [1 − ν(Ω)ε] N ≤ δ, it suffices to choose [4, 5] 
For high-precision verification (ε ≪ 1), the number of tests is inversely proportional to the spectral gap ν(Ω).
The optimal protocol is obtained by maximizing ν(Ω).
If there is no restriction on the accessible measurements, then it is desirable to choose the projective measurement {|Ψ Ψ|, 1 1 − |Ψ Ψ|} for each test, in which case ν(Ω) attains the maximum 1, and the number of tests is minimized, N ≈ ln δ −1 /ε [4, 5] . Construction of tests. Consider a bipartite system with the Hilbert space H ⊗2 of dimension D = d 2 , which is shared between Alice and Bob. In the Schmidt basis, any pure state in H ⊗2 can be written as |Ψ = d−1 j=0 s j |jj , where the Schmidt coefficients s j are arranged in decreasing order, that is, 1 ≥ s 0 ≥ s 1 ≥ · · · s d−1 ≥ 0, and satisfy the condition
To verify |Ψ efficiently, we first introduce a general method for constructing tests based on adaptive local projective mea-
j=0 be a basis on H. If Alice performs the projective measurement on this basis on the target state |Ψ and obtains outcome j, then the unnormalized reduced state of Bob reads |ṽ j = u j |Ψ . Let |v j = |ṽ j / ṽ j |ṽ j . Now, if Bob performs the two-outcome projective measurement {P vj , 1 1−P vj } with P vj := |v j v j |, then the target state will always pass the test (corresponding to the first outcome). So we can construct a test projector as follows
In general, the measurement of Bob depends on the measurement outcome of Alice, but this dependence can be eliminated if |ṽ j are mutually orthogonal [9] . For example, let B 0 = {|j } d−1 j=0 be the standard basis, then
This standard test can be implemented without adaptive measurements: Alice and Bob both perform projective measurements on the standard basis, and the test is passed if they obtain the same outcome j with s j > 0. This test or its variants will be employed in all verification protocols proposed in this paper. If s 0 = 1, then |Ψ is separable and can be verified efficiently using the standard test P 0 . In the rest of this paper, we assume s 0 < 1, so |Ψ is entangled, and we need at least two distinct tests based on local projective measurements. In addition, each test projector has rank at least 2.
Simplest verification protocols. Here we show that any bipartite pure state can be verified with only two distinct tests constructed from mutually unbiased bases (MUB). Recall that two bases {|ψ j } d−1 j=0 and {|ϕ k } d−1 k=0 on H are mutually unbiased if | ψ j |ϕ k | 2 = 1/d [11] [12] [13] . Let
j=0 be any basis that is unbiased with the standard basis B 0 . A simple example is the Fourier basis
being a primitive root of unity, but our result will not depend on the specific choice. The test projector P 1 = P (B 1 ) can be computed using Eq. (4) with |v j = M |u * j , where |u * j denotes the complex conjugate of |u j with respect to the standard basis, and M :
Let P j = P j − |Ψ Ψ| for j = 0, 1. Then tr(P 0P1 ) = tr(P 0 P 1 )−1 = 0, which meansP 0 andP 1 have orthogonal supports.
If we perform the two tests P 0 and P 1 with probability p and 1 − p, respectively, then the verification operator reads
whereΩ I = Ω I − |Ψ Ψ|. The lower bound is saturated iff p = 1/2, in which case Ω I := (P 0 + P 1 )/2. The corresponding spectral gap ν(Ω I ) and the number N (Ω I ) of tests read
Here ν(Ω I ) attains the maximum among all strategies composed of two distinct test projectors based on local projective measurements according to [9] , so N (Ω I ) attains the minimum among such strategies. Efficient protocols based on complete sets of MUB. When the dimension d is a prime power, there exists a complete set of d + 1 MUB [11] [12] [13] . In this case, we can devise a more efficient protocol using d + 1 tests. Let {B 0 , B 1 , . . . , B d } be a complete set of MUB, where B 0 is the standard basis. Suppose we perform the test P 0 = P (B 0 ) with probability p and each of the other d tests P r = P (B r ) for r = 1, 2, . . . , d with probability (1 − p)/d. Then the verification operator reads
where
with ρ B := tr A (|Ψ Ψ|). Here the second equality follows from a more general result presented in Eq. (14) , which is proved in the appendix. Given thatΠ = Π − |Ψ Ψ| andP 0 are orthogonal, we conclude that
The lower bound is saturated iff p = s 2 0 /(1+s 2 0 ), in which case we have
We believe that ν(Ω II ) is the maximum that is achievable using local projective measurements with one-way communication. This conclusion can be proved when |Ψ is maximally entangled [6] [7] [8] [9] . Although we can not construct a complete set of MUB when d is not a prime power, we can always embed H into a larger Hilbert space H ′ whose dimension is a prime power. Then we can still apply the above strategy on H ′⊗2 and achieve the same result as in Eq. (11) .
Alternative protocols based on 2-designs. Next, we propose an equally efficient protocol that can be applied to any bipartite pure state without enlarging the Hilbert space. Let {B l } m−1 l=0 be m basis on H and let {B l , w l } m−1 l=0 be a weighted set of kets with weight w l for all kets in basis l, where w l ≥ 0 and m−1
j |jj is the maximally entangled state. We are interested in special 2-designs in which B 0 is the standard basis with weight w 0 = 1/(d + 1), while other bases are unbiased with the standard basis. Thanks to Theorem 4.1 and Proposition 4.3 in Ref. [16] , such designs can be constructed whenever m ≥ ⌈ 3 4 (d − 1) 2 ⌉ + 1 as follows. Each basis B l for l = 1, 2, . . . , m − 1 is composed of d kets of the form
for j = 0, 1, . . . , d−1, with weight w l = d/[(m−1)(d+1)]. Given a 2-design {B l , w l } m−1 l=0 with the desired properties, we can devise a verification protocol by performing the test P 0 with probability p and test P l = P (B l ) for l = 1, 2, . . . , m−1 with probability p l = (1−p)(d+1)w l /d. The verification operator turns out to be identical to Ω II in Eq. (8), as proved in the appendix,
Therefore, the protocol based on a 2-design is equally efficient as the one based on a complete set of MUB (when it exists). Again, the optimal performance is attained when p = s 2 0 /(1+s 2 0 ), in which case we have ν(Ω III ) = ν(Ω II ) = (1 + s 2 0 ) −1 and N (Ω III ) = N (Ω II ) ≈ (1 + s 2 0 ) ln δ −1 /ε; cf. Eq. (11) .
Protocols using two-way CC. Up to now we have considered verification strategies Ω based on local projective measurements with only one-way communications in which the measurement of Bob depends on the measurement outcome of Alice. Here we show that the efficiency can be improved if two-way communications are taken into account. To manifest the direction of communication, we shall use →, ←, and ↔ to denote communication from Alice to Bob, Bob to Alice, and two-way communications, respectively. Consider a strategy Ω → = l p l P → l built on m bases {B l }, where P → l = P (B l ) → are defined in Eq. (4). We can construct a new strategy by interchanging the roles of Alice and Bob and then taking the average,
where P ← l = P (B l ) ← are defined according to Eq. (4), but with the roles of Alice and Bob interchanged. The strategy Ω ↔ is at least as efficient as Ω → according to the following inequality
Now suppose Ω → is a strategy based on a 2-design (including a complete set of MUB) as in Eq. (14) . Then
where 0 ≤ p < 1 and 
The bound is saturated when p = (s 2 0 + s 2 1 )/(2 + s 2 0 + s 2 1 ), in which case we have 1. (color online) . The number of tests required to verify two-qubit pure states within infidelity ε = 0.01 and significance level δ = 0.01. Here the states have the form |Ψ = cos θ |00 + sin θ |11 . Except for the strategy ΩPLM introduced in Ref. [4] , all other strategies are proposed in this paper. Strategies Ω → V and Ω ↔ VI are applied to the adversarial scenario, while other strategies are applied to the nonadversarial scenario.
All four strategies are more efficient than the one introduced in Ref. [4] , as illustrated in Fig. 1, even though Ω → I requires only two distinct tests. Adversarial scenario. In the adversarial scenario, the state is controlled by a potentially malicious adversary. Nevertheless, we can still verify the target state using random permutations before applying a strategy Ω as in the nonadversarial scenario [5] . Now the performance of Ω will depend on smaller eigenvalues in addition to β(Ω). If there is no restriction on the accessible measurements, then the performance for a given β(Ω) is optimized when Ω is homogeneous, which means it has the form Ω = |Ψ Ψ| + β(Ω)(1 1 − |Ψ Ψ|).
In this case, the minimal number of tests required to verify |Ψ within infidelity ε and significance level δ (assuming ε, δ ≪ 1) is derived in Ref. [5] , which can be approximated as follows,
This number is minimized when β(Ω) = 1/ e (in contrast with the optimal value β(Ω) = 0 for the nonadversarial scenario), with the result
In addition to quantum state verification in the adversarial scenario, the homogeneous strategy in Eq. (22) is also useful for fidelity estimation. To see this, note that the passing probability tr(ρΩ) of any state ρ is determined by its fidelity with |Ψ Ψ|, and vice versa,
Now a small value of β(Ω) is favored in order to estimate the fidelity Ψ|ρ|Ψ accurately.
Here we shall devise nearly optimal homogeneous strategies by modifying Ω → III in Eq. (14) , which is based on one-way communication. Let s 2 0 /(1 + s 2 0 ) ≤ p < 1 and replace the test projector P 0 by the following test operator
Although this operator is not a projector, it can be realized by virtue of local projective measurements: Alice and Bob both perform projective measurements on the standard basis; the test is passed with certainty if they obtain the same outcome, while it is passed with probability 1 − (p −1 − 1)s 2 k if they obtain outcomes j = k, respectively. In addition, Q 0 can be expressed as a convex sum of local projectors. The resulting verification operator reads 27) which is homogeneous with β(Ω) = p. For high-precision state verification in the adversarial scenario, the optimal choice of p is p = max{e −1 , s 2 0 /(1 + s 2 0 )}. The resulting homogeneous strategy Ω → V is optimal if s 2 0 ≤ 1/(e −1), in which case β(Ω) = 1/ e. Even in the worst case β(Ω) = 1/2, the number of tests is only 2 ln δ −1 /(ε ln 2) < 2.89δ −1 /ε, which is about 6% more than the optimal strategy. For fidelity estimation, by contrast, the optimal value of p is s 2 0 /(1 + s 2 0 ). With two-way communications, we can devise an optimal verification protocol for any bipartite pure state by modifying Ω ↔ IV in Eq. (17) . Let (s 2 0 + s 2 1 )/(2 + s 2 0 + s 2 1 ) ≤ p < 1 and replace the projector P 0 by the following operator
Again, this test operator can be realized by virtue of local projective measurements as explained above. The resulting verification operator Ω reads
which is homogeneous with β(Ω) = p. If p = 1/ e, then β(Ω) = 1/ e, so the number of required tests attains the minimum in Eq. (24). For fidelity estimation, the optimal value of p is (s 2 0 + s 2 1 )/(2 + s 2 0 + s 2 1 ). Summary. By virtue of MUB and 2-designs, we proposed a number of simple and efficient protocols for verifying bipartite pure states, which are applicable in any finite dimension. The simplest protocol requires only two distinct tests based on local projective measurements and one-way communications, yet its efficiency is comparable to the best nonlocal protocol, and the overhead is only two times. The efficiency can be improved further if more measurement settings or two-way communications are allowed. Moreover, our approach can be applied to the adversarial scenario, in which case one of our protocols based on local measurements is optimal even among protocols that can access nonlocal measurements. Our study provides a useful tool for quantum information process-ing with bipartite quantum states and is also of interest to foundational studies on quantum entanglement.
